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Abstract

In this paper we present a general result with an easily checkable condition that ensures a
transition from chaotic regime to regular regime in random dynamical systems with additive
noise. We show how this result applies to a prototypical family of nonuniformly expanding
one dimensional dynamical systems, showing the main mathematical phenomenon behind
Noise-induced Order.
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1 Introduction

This article deals with the behavior of one dimensional nonuniformly hyperbolic systems
with random additive noise.

A nonuniformly hyperbolic one dimensional dynamical system is a dynamical system in
which expansion and contraction coexists; the behavior of such a system is a delicate balance
between how often the orbits of such a system visit the expanding and contracting region.
Such a system is called non uniformly expanding when the system visits more often the
expanding region of the phase space.

Such balance may depend in non-trivial ways from a parameter: classical examples of
unimodal maps, as the quadratic family, have a dense subset of parameters for which the
deterministic dynamic presents an attracting periodic orbit, called regular parameters and a
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positive Lebesgue measure Cantor set of parameters for which the dynamic shows chaotic
behavior called stochastic parameters.

In this paper we will study a generalization of the quadratic family, allowing the order of
the critical point to vary, the family

Top(x) =1—=2Bx|%;

these are symmetric unimodal maps, defined on [—1, 1], for & € [2, +00), 8 € (0, 1].
We will study the behavior under iterations of these maps with the addition of a random
noise at each iteration step, i.e.,

Xn+1 = Ta,ﬁ(Xn) + Qfa

where Q¢ is a random variable which takes values in [—&, £] with density

) 1<x>
x)=—-p|- ],
PEI=EP\E

where p is a positive BV density on [—1, 1]. We call £ the amplitude of the noise; we
denote the points of the orbits with a capital X to stress the fact that they are random variables.
This is called a random dynamical system with additive noise of amplitude &.

We will show that when 8 = 1 and « is bigger than a computable constant &@ > 2.67835!
as the noise amplitude increases, the system transitions from a chaotic behavior to an ordered
behavior; this transition is measured quantitatively by a transition of the Lyapunov exponent
associated to the stationary measure from positive to negative.

This surprising phenomenon is called in the literature Noise Induced Order and was first
observed in numerical simulations of a model of the Belosouv—Zhabotinsky reaction [16],
called the BZ map; a proof of its existence for the BZ map was given recently in [11].

In this paper we show the main mechanism behind this phenomenon; the presence of
noise changes the statistical properties of the dynamical system, in particular, if we start
with a non-uniformly expanding map, adding noise may break the delicate balance between
expansion and contraction, and the average long term behavior changes from expanding to
contracting.

Many Noise Induced phenomena [8, 21] are of strong interest for the applied mathematical
community and in general for applied sciences but until recently they have not woken the
interest of the dynamical system community. Important results have been reached in [6, 7],
in the study of the Henon and the Standard map with noise.

In Fig. 1 we have a plot of some numerical experiments on the family 7y, g, where fixed
B = 1, for each exponent « (in the vertical axis) and noise amplitude & (in the horizontal
axis) we compute 200 orbits of length 10,000, each one with a randomly chosen starting
point and different random realizations of the noise, and compute the average of In(|7”(x)|)
with respect to the length of the orbit, and take the average of these Birkhoff averages; the
rationale behind this is that supposing that the simulated system satisfies some type of Central
Limit Theorem the mean of the finite time Birkhoff averages of all these orbits is a a better
estimator of the Lyapunov exponent than the average along an individual orbit.

This plot hints that Noise Induced Order may be present in the family 7, g; on the left
side of the plot, which presents the value of the estimator when the noise amplitude is O the
estimator is positive. On the right side of the plot, for noise amplitude 1.0, we can see that if
the order of the critical point is big enough the estimator is negative.

1 the value of & is contained in [2.67834, 2.67835], therefore, our result does not apply to the case « = 2, the
quadratic family
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Fig. 1 The family 7;, ; and estimate of its Lyapunov exponent as « and the noise size & vary

More complex behavior can be conjectured from this plot: there are values of « for which
we can observe multiple sign changes, but the results in this paper only allow us to prove the
existence of one transition. The existence of multiple transitions could be proved by using
Computer Aided Tools as the ones used in [9, 11].

The article [16] has been highly influential in the applied sciences; we think that a sufficient
condition for the existence of this phenomena is extremely interesting both for the researchers
in dynamical systems, since we present a wide family of examples whose deterministic
behavior and behavior under the action of noise are different, and for the applied scientists,
since this sufficient condition is easily checkable.

Our paper shows that Noise Induced Order is strongly linked with nonuniformly hyperbolic
dynamics and that the existence of this kind of phenomena stresses the importance of the
study of random dynamical systems beyond stochastic stability. We think that our paper will
contribute to show the richness of the behavior of dynamical systems with additive noise.

Our choice of the title is a direct answer to [16]; indeed, from the results of [11] and
the results in the current paper, we can assert that we found the main mechanism for Noise
Induced Order in the 1-dimensional case. Please remark that to apply the techniques in the
present article to the BZ map from [11] we need a computer assisted step: the BZ map does
not fit in our framework to study stochastic stability for nonuniformly hyperbolic maps but
our argument works once positive Lyapunov exponent and contraction of the space of average
0 functions is proved for a small noise amplitudes, which is the difficult part of [11] and the

main computer aided estimate.

1.1 Statement of the Results

In this paper we prove that, under some assumptions, for all noise amplitudes £ > &p the
random dynamical system has a unique ergodic absolutely continuous stationary measure

K-
The Birkhoff Ergodic Theorem for Random Dynamical Systems tells us that, for a fixed

noise size &, for ug-a.e. initial condition xo and for almost all noise realizations we have that

1 n
lim ;gln(lT’(Xi)l) Z/IH(IT’I)dMs-

n—-+00
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As & varies we are interested in the behavior of the Lyapunov exponent as a function of
noise amplitude; remark that in the next formula, as & varies ji¢ is varying:

&) = [ a7 D
as in [11], we define Noise Induced Order as follows.

Definition 1.1.1 We say that a system exhibits Noise Induced Order if there exist 0 < & <
&> such that for all £ > &; the system has a unique stationary measure with density fz and
the Lyapunov exponent of the stationary measure transitions continuously from positive to
negative, i.e., A(§1) > 0, A(&2) < O.

Remark 1.1.2 There is an ongoing discussion in the community on the “right” definition of
Noise Induced Order; in [16] are indicated:

e sharpening of power spectrum,

e abrupt decrease of entropy,

e appearance of negative Lyapunov number,

e localization of orbit.

In [11] the existence of a transition for the Lyapunov exponent from positive to negative
was used as a definition of Noise Induced Order. The continuity argument in the present paper
shows that there exists a “big” noise amplitude such that for all noise amplitudes bigger than
this given noise amplitude, the Lyapunov exponent is negative.

Remark 1.1.3 The definition allows a deterministic map with negative Lyapunov exponent to
show noise induced order: a regular parameter under the action of noise may show a transition
to positive Lyapunov exponent for a small noise amplitude and a negative Lyapunov exponent
for a larger noise amplitude.

Our method to prove the existence of this transition is quite general and it follows from two
simple observations: the first one is that once contraction of the space of average 0 functions
in BV (also called exponential decay of correlations in BV) is proved for a noise size &, the
Lyapunov exponent is continuous with respect to & for all £ > &.

The second one is that as the noise amplitude grows, the density of the stationary measure
becomes uniform, and therefore, the limiting behavior of the Lyapunov exponent is the
average of In(|T’|) with respect to the uniform density on [—1, 1].

Many results on stochastic stability have been proved [1, 2, 4, 22] that hint on the direction
that positive Lyapunov exponent may imply stochastic stability (see also the conjecture in
[24]). Therefore we would like to state the following conjecture.

Conjecture 1.1.4 Let T : I — I be a piecewise C' dynamical system, nonsingular with

respect to Lebesgue measure, which admits a unique absolutely continuous invariant measure
with positive Lyapunov exponent; if

! ,odm
—00 < ln(|T|)7 <0
-1

then the associated random dynamical system with additive noise with bounded variation
density presents Noise Induced Order.
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Remark 1.1.5 The uniform density on [—1, 1] is 1/2, which is the reason why many 1/2
appears in the hypothesis above and in the conditions below.

While this notation is unneccessary, we would like to state the conditions in this form, to
stress the mechanism underlying the transition.

While we cannot prove this conjecture in its full generality, due to the technical diffi-
culties involved in proving stochastic stability in a general setting, in this paper we prove
the following theorem; please note that the hypothesis denoted by D are hypothesis on the
deterministic system, while the hypothesis denoted by R are hypothesis on the associated
random dynamical system with additive noise.

Theorem 1.1.6 Let T : [—1, 1] — [—1, 1] be a piecewise C' nonsingular dynamical system
such that

D1 admits a unique absolutely continuous invariant probability measure jvo with density fo,
D2 ! (T’ dpo > 0,
D3 In(|T’|) € L? for some p > 1.

Let g be a fixed point for Lg, the annealed transfer operator (Defined in 2.4.13) and let

1
w6 = [ 07 .

Suppose now:

R1 there exists &y such that A(§) is well-defined and continuous in [0, &),

R2 there exist &1 in [0, &), C > 0,0 < 1 such that ||Pg luollBy < CO", where Py, is the
annealed Perron—Frobenius operator associated to the random dynamical system with
noise size &1, defined in Definition 2.4.13 and Uy is the subspace of BV functions with
average 0 defined in Definition 2.5.6,

R3 —oo < [, In(|IT'(x))dm/2 < 0,

R4 the noise kernel is a mother noise kernel (Definition 2.4.11).

Then, the function A(§) is well defined for and continuous for & > 0 and the map T exhibits
Noise Induced Order.

The proof of the theorem is found in Sect. 3.

We will try to give an intuition behind the hypothesis for this Theorem and our proof.
Hypothesis D1 and D2 are telling us that the original system has positive Lyapunov exponent;
the deterministic system is chaotic, D3 is a mild regularity assumption. Hypothesis R1 follows
from the stochastic stability and tells us that Lyapunov exponent is continuous in a small
neighborhood of 0. Hypothesis R2 kickstarts our continuity argument; remark that even if
the underlying dynamical system has subexponential decay of correlations, this hypothesis
may be satisfied, due to the smoothing properties of noise. Hypothesis R3 is an hypothesis on
the behavior of the system when the noise is big; as the noise size increases the noise moves
the random orbits uniformly inside the system, so the Lyapunov exponent along random
orbits is negative. Hypothesis R4, the fact that the noise density is a mother noise kernel can
be intuitively understood as the fact that, as the noise amplitude increases, the support of the
noise contains the support of smaller amplitude noises.

The consequences for the family 7, g are summarized in the following theorem and are
proved in Sect. 4
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Theorem 1.1.7 Let T : [—1, 1] — [—1, 1] be of the form
Tup(x) = 1—2Ix|".

Forall ¢ > o > 2.67835 there exists an € (o) such that for all B € (1 — e(«), 1] the map
Ty, exhibits Noise Induced Order.

1.2 Structure of the Paper

We start in Sect. 2 where we introduce the annealed transfer operator, prove that contraction of
the space of average 0 function for a noise amplitude implies contraction for all bigger noise
amplitudes and prove that the Birkhoff averages of L!(m) observables are continuous with
respect to noise size and the underlying dynamics once contraction of average 0 functions
is established. Section 3 is a small section, where we present the proof of Theorem 1.1.6.
Section 4 studies the family 7y, g, by producing results on its stochastic parameters, stochastic
stability and showing the conditions on « and § that imply that maps in the family present
noise induced order.

2 The Annealed Transfer Operator
2.1 Generalities on the Involved Functional Spaces

Definition 2.1.1 Let [a, b] C R be an interval endowed with the Lebesgue measure m; we
denote by L' ([a, b]) the Banach space of real valued functions such that

b
1 1L Ga) = / \flrdm < +oo.
a

We will drop the interval from the notation when clear from the context. Of particular
interest for us is LY ([—1, 1]).
We define L°°([a, b]) to be the Banach space of real valued functions such that

[ f Lo ((a,b]) = €8SSUPyeq.p] f ()| < 00,

where the essential supremum is the smallest real number a such that | f(x)| < a for
m-almost every x in [a, b].

Definition 2.1.2 We will call a density a nonnegative function f € L'([a, b]) such that

/abfdmzl

Nl a,e = 1

Lemma 2.1.3 If f is a density, then

Proof This follows from the definition, since f is nonnegative

[ablfldmzfabfdmzl-
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Definition 2.1.4 Let ¢ : [a,b] — R be a real valued function on [a, b], we define the
variation of ¢ on [a, b] as

Varjg ) (¢) = s;pZ 1 (xi1) — ¢ (x|

where P is any partition of [a, b] with endpoints x;. If the variation of ¢ is finite, we say
that ¢ is a function of bounded variation on [a, b]. The functions of bounded variation on
[a, b] are a Banach space when equipped with the norm

PllBva.pn = QL1 (app + Varia.s)(@).

When the domain [a, b] is clear, we will drop the subscript.

In the following lemma, we need to pay some attention on the domain of definitions of the
functions and to the support of measures: the convolution is defined in general for functions
defined on the real line, while we speak of functions which are L' or bounded variation on
intervals.

Definition 2.1.5 Denote by yy is the characteristic function of the set X.
In the following we will denote by

~

¢ =0 X-s¢)
and by
=7 x-un
the functions that extend by O outside their intervals of definition the functions ¢ and f
respectively.

Given a probability measure p on [—1, 1] we define its extension /i on R as the unique
measure /t on R such that

a(A) = n(AN[=1,1])

for all A measurable in R.

Lemma 2.1.6 The following are true:

(1) Varia (@) < Var—g £1(@®) + 250 ¢ |¢ ()| < 311l pv . for all interval [a, b]
thqt contains [—&, €],
@ Sl qe.ay = NN L1=1.17 Jor all interval [c, d] that contains [—1, 1],

Q) a(-1-§& 1+&) =1forallé.

Proof Both follow from the respective definitions. We first prove item (1); let {x; =

a,...,x, = b} be a partition of [a, b], without loss of generality we can suppose that
X1 ==& x4k =&.
Then

n I+k—1
D 1pGir)) = pG)l =G+ D 1bxie1) — dG)| + 16 (a4
i=1 i=l

I+k—1

= |¢p(xD)| + Z b (xit1) — @ (xi)| + 1@ (x144)| < Varp—g £1(p) + 2[81512] ¢ (x)].

i=l
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22 Page8of41 1. Nisoli

We prove now item (2):

d d 1
/ Ifldm=/ |f->q_1.u|=fl|f|dm=||f||u<[_1,m-
C C _

Finally item (3)
Al=1=&1+&) =pn(-1-§ 1+&IN[-1, 1D =pn(-1,1D) =L

2.2 Regularization Properties of Convolution on Measures

In this subsection we define what is the convolution of a measure with respect to a bounded
variation function and prove some regularization properties of this operator; the most impor-
tant is that convolution of a measure with a bounded variation functions is a measure which
is absolutely continuous with respect to Lebesgue.

Definition 2.2.1 Let i be any probability measure in [—1, 1], and let p be a bounded variation
function on [—£, ] with [ E gp=1 their convolution is the unique probability measure p * i
on R such that

pxA(A) = / POAA — y)dm(y).
[—&,&]

where A — y to denote the set {x — y | x € A}.

Lemma 2.2.2 The following properties of p * [i are true:

M pxa(-1-&14+ED=1,
(2) if u = 6, the Dirac-§ measure at p € [—1, 1] we have that

P8y =plx —p) mx);

in particular, p * 8;, is absolutely continuous with respect to Lebesgue,
(3) if . = fdm then p * j1 has density p * f

Proof Item (1) follows from the definition and Item (3) in Lemma 2.1.6:

pxp(—1,1]) = /[ cel pM(—1 =& 1+&Ddm(y)

—u=1 1) [ pdme) =1,
[-§.&]
Item (2) follows from the definition, recalling that §,(A) = xa(p):

prdr= [ ]ﬁ(y)a},m—y)dm(y):/

] P xa—y(P) x—1,11(p)dm(y)
= / Xi—£.61M) P xa(p + y)dm(y)
[—1—&,1+&]

= / X-£.£2 — p)p(z — p)xa(@dm(x) = / p(z — p)dm(2),
[—1-&,1+€&] A

where in the last line we used the change of variables z = p + y.
Item(3) follows from the definition. ]
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We prove now a general result on sequences of absolutely continuous probability measures
with uniformly bounded densities.

Lemma2.2.3 Let u, = frdm, n € N be a sequence of absolutely continuous probability
measures such that:

fn € L®®(m) foralln

there exists an interval [a, b] such that u, R\ [a, b]) = 0, for all n,
n converges weakly to u,

there exists M > 0 such that || fulloo < M forall x € [a,b],n € N.

then p is an absolutely continuous probability measure, with (R \ [a, b]) = 0.

Proof By Portmanteau theorem, weak convergence of i, to p implies that for all open sets
A

w(A) < liminf w, (A).
This implies that
L(R\ [a, b]) < liminf (R \ [, b]) = 0.

The fact that p is a probability measure follows from definition of weak convergence.

Suppose now B is a measurable set; we claim that if m is the Lebesgue measure m(B) = 0
implies u(B) = 0.

Let B measurable, without loss of generality we can suppose B C [a, b], and let A be
any open set containing B; by weak convergence, Portmanteau theorem and the fact that
[l fnlloo < M for all n we have that:

w(B) < u(A) < liminf pu,(A) = liminf/ fodm < M -m(A).
A

We recall that the Lebesgue measure m on R is outer regular, i.e., for all measurable sets
B we have that m(B) = inf{m(A) | A open, B C A}; taking the inf over all open sets A
containing B on the right side of the inequality above implies that £(B) < M - m(B) and
absolute continuity of u. O

Remark 2.2.4 The hypothesis that the f, are uniformly bounded is fundamental in the proof
above, and the theorem is false if it is not satisfied. An example is the sequence f, =
1/(28) x[—¢,£) - m which converges weakly to .

Remark 2.2.5 This Lemma is a folklore result in measure theory [19]; in the provided link,
different proofs and a discussion of the result are provided.

We sketch another proof, found at the provided link, with a more functional analytic
approach: by classical results C*°([a, b]) is dense in LZ([a, b]). We define a sequence of
functionals 7,,(g) : C*®([a, b]) — R by T,(g) = f gd ., ; by weak convergence, for each
g € C*([a, b]) we can define T(g) := lim,— 100 [ gdun = [ gdu.

We show now that, since the f, are uniformly bounded 7 can be extended to a functional
T : L2([a, b]) — R; this follows from the Cauchy—Schwarz inequality, since

ITw ()] = I/gfndMI = llgllz2llfalle2 = lIgll2vb —a - M,
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22 Page 10 of 41 1. Nisoli

since the bound is uniform in n the functional 7 (g) can be extended to a bounded linear
functional on L2. By Riesz representation theorem, there exists an f € L2([a, b)) such that

T(g) = /g - fdm,
which implies that © = f - m is absolutely continuos.

Lemma 2.2.6 Let u, be a sequence of probability measures on [—1, 1] weakly converging
to . Then p * (&, converges weakly to p * [i.

Proof By definition of weak convergence we have that for all ¢ Lipschitz on [—1, 1] we have
that

1 1
lim / ¢du, = / dd .
n——+4o00 1 —1

Let ¢ be a Lipschitz continuous function on [—1 — &, 1 + £], then, since ffé pdm =1
we have that

’/ px+h—y)¢(y)dm(y) — / plx — y)¢(y)dm(y)‘

<L-h

= ’fﬁ(z) (px+h—2)—¢(x —2)dm(z)

where L is the Lipschitz constant of ¢.
Now, for each ¢ Lipschitzon [—1 — &, 1 4+ £] we have

/ 6 (x) / PO — y)dfun (V)dm(x) = f f 6 ()A(x — Vdmx)djin (),

by the inequality above ¢ * p is Lipschitz continuous and so is its restriction to [—1, 1];
therefore, for each ¢ Lipschitzon [—1 — &, 1 + £] we have

1
nLiToofqﬁ(X)d(ﬁ*ﬁn)(X) =nLiTOO/1(ﬁ*¢)(X)dun(X)

1 146
=[l(ﬁ*¢)(X)du(x)=/1 G D,
O

We prove now the final result of this section, that shows that convolution with a bounded
variation kernel maps probability measures into probability measures which are absolutely
continuous with respect to Lebesgue.

Lemma 2.2.7 Let i1 be a probability measure in [—1, 1), then p * [i is a probability measure
on[—1—&, 1+ &), absolutely continuous with respect to Lebesgue.

Proof Recall from Definition 2.2.1 that p is a bounded variation function on [—&, &] with

fi; pdm = 1.
The proof follows from Lemma 2.2.3; let {—1 — & = xp, ...x,4+1 = 1 + &} be a partition
of[-1—&,1+&]suchthatx; 41 —x; <2/nforalli =0,...,n. Let

MUn = Z l’l‘([xia xi+l])8pf

i=0
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where p; = (x;11+x;)/2and §, is the Dirac-6 measure centered at p;. Then u,, converges
weakly to u, and p * i, converges weakly to p x t by Lemma 2.2.6.
By Lemma 2.2.2 Item (2) and linearity of convolution we have that

n

P fin =Y p(lxi, xip DA = pi) - m,
i=0

which, for each n, is an absolutely continuous probability measure whose density is
uniformly bounded, i.e.,

n n

D i, xia DA — pi)| < llpllzqegn Y mwllxi, xival) < llollsv.
i=0 i=0

Then, by Lemma 2.2.3 we have that 6 [ is an absolutely continuous probability measure.
O

2.3 Regularization Properties of Convolution on Densities

Lemma23.1 Let f € L'([—1, 1)) and let ¢ be a bounded variation function on [—§, &];
then, their convolution

$% flx) = / $x — ) F)dy

is a bounded variation function with support in [—1 — &, 1 + &], such that

Vari_1 g 1151 = f) < <Var[_§,g](¢>+2 sup |¢<x>|> 1AL g1
[—§.€]
Morever, if ¢(x) > 0 and f[fg’é]qb(x)dm(x) = 1, then ||q§ * f||L1([_1_§,1+§J) <
N1 L =119
Proof Let 7, be the translation operator on functions, i.e., (tquS)(x) = ¢3(x— v). By definition

Var(_¢ ¢1($) = Varpy ¢ y1£1(1,$).

We first remark that by definition of $ and f, their convolution ¢ x f is 0 outside [—1 —

£, 1+¢&]
We observe now that for any partition P of [-1 — &, 1 4 &] we have that

1
/1 D 1 —y) — dlxip1 — MIFOIdy < /Var[y_é,y+§](Ty¢)|f(y)|dY§

observing that rng is 0 outside of [y — &, y + &], and that

D 16 — y) — dlxipr — VI < Vary g yi6)(tyd) < Varg 1(¢) + 2 sup 6],

L

by definition of variation.
Therefore

/Z 1p(xi — ¥) — p(xip1 — MIFOIdy < Var—e ey (@)1 £l L1117 (1)
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22 Page 12 of 41 1. Nisoli

remark that the fact that the left handside above is bounded will allow us to interchange
the summation and integral sign by Fubini—Tonelli theorem, and that on the right hand side
we have the variation of ¢ and the L' norm of f, by Lemma 2.1.6.

For any partition P of [-1 — &, 1 + &] we have that

S0 [ b6 =3 = b = Fwlay = 3 [ 16 =) = dxiar = wlIF Iy

exchanging the summation and integral sign and using (1) we obtain the thesis.
Suppose now f[f £.£] ¢ (x)dm(x) = 1,by the argument above we know that the convolution

integral is bounded so we can exchange the order of integration; remembering that f extends
f by 0 outside [—1, 1] we have then:

I+ pE £ 146
/] g‘/Ed)(y)f(x—y)dm(y)‘dm(x)§/§¢(y)/l 1= ldme)dm )

e
_ L¢<y>||f||u<[_1.mdm(y> = Nl

[m}

Remark 2.3.2 A useful characterization of bounded variation functions is the following
approximation by smooth functions result, [3, Theorem 3.9]. A function u € L'([a, b])
is of bounded variation if and only if there exists a sequence u, in C*°([a, b]) converging to
uin L'([a, b)) and such that

b
lim / lulldm <V < 400
n——+00 a

The smallest possible constant V is the variation of u. All of the proofs about regularity
in our paper can be redone by using this characterization.

2.4 Definition of the Annealed Transfer Operator

Definition 2.4.1 Let 7 : [—1, 1] — [—1, 1] be a measurable map. The map T induces an
operator on L : SM([—1, 1]) - SM([—1, 1]) where SM([—1, 1]) is the space of signed
measures on [—1, 1], defined in the following way: if u € SM([—1, 1]) then

Lu(A) = w(T~'4)

for all measurable sets A. This operator is called the pushforward operator associated to
T or the transfer operator associated to 7.

The space of Lebesgue absolutely continuous measures is a vector subspace of
SM([—1, 1]);if T is non-singular with respect to Lebesgue then L preserves this subspace of
absolutely continuous measures and induces an operator from L' ([—1, 1]) into itself called
the Perron—Frobenius operator. We will denote by P the Perron—Frobenius operator.

Remark 2.4.2 Given an absolutely continuous probability measure 1 = f - m, with density
f, Pf is the Radon—Nikodym derivative of Lu with respect to m [20].

Remark 2.4.3 By definition, for any measurable function ¢, the pushforward operator satisfies
the following duality formula

1 1
/1¢d(LM)=f]¢onu-
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The following is a collection of basic properties of the Perron—Frobenius operator P, that
are proved in the first pages of [20], whose proof we omit.

Lemma 2.4.4 [20] The following statements are true.

(1) Pf is the unique function in L' ([—1, 11) such that for all test function in L™ (m):

1 1
/ ¢~Pfdm=/ ¢oT - fdm,
-1 —1

(2) P is a positive linear operator, and || P\ 11 = L,
(3) if f is a density, then Pf is a density.
Definition 2.4.5 We will call boundary condition one of the two following maps:

e 7p(x) = x mod 2, called a periodic boundary conditions,
e 7wr(x) = (minjez [(x + 1) —4i]) — 1, called a reflecting boundary conditions.

When the choice of the boundary condition is unimportant we will denote a boundary con-
dition by 7. We will denote by 7, the push-forward map acting on measures by

() (A) = (=1 (A)).

Remark 2.4.6 In the definition of wp above we choose as representatives of the equivalence
relation classes the points in (—1, 1].

Remark 2.4.7 By abuse of notation 7, will denote also the map that . it induces on densities,
i.e, if u has density g, then m,(g) is the density of m,u; refer to Lemma 2.4.10 for the
conditions under which this map is well defined and their proof.

Remark 2.4.8 The map 7, is well defined only on measures p on R such that there exists an
interval [a, b] such that

w(R\ [a, b]) = 0;
by Lemma 2.2.7 this is true for all the measures p * [ in our treatment.
Remark 2.4.9 Let ™ be the map that associates to any ¢ bounded and measurable on [—1, 1]

its extension qAb such that

A~

¢(x) = ¢ (x)),

for a boundary condition 7.
If 1 is a measure on R such that there exists an interval [a, b] such that

w(@®N\ [a, b]) = 0;
we have that

/ g = / (@)

Lemma 2.4.10 Let u = f - m be an absolutely continuous probability measure on R, with
density f suchthat f = 0inR\ [a, b]. For any boundary condition i, 7, (i) is an absolutely
continuous probability measure on [—1, 1].

Moreover if f is of bounded variation, then 1. . has a bounded variation density.
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Proof Let m; be the restriction of 7 to the interval I; = [—1 + 2i, 1 4 2i]; by definition, x;
is one to one and affine. Let g be the density of x and g; its restriction to /;, then ., has
density & :== ) ; gi (7'[171 (x)), where this sum is well defined since g has bounded support.
Then

gl 1.1y =< Z N&illpy = N8l Lt qa.pn-
i

If g is of bounded variation, then:

Var(_1,1)(8) < Y _ Vary, (i) < Varja,p(g).

l

[m}

Definition 2.4.11 Let p a bounded variation function such that p(x) > ¢ > 0 for all x €
[—1,1], p(x) = O outside [—1, 1] and fll p(x)dm = 1; we will call such a function a
mother noise kernel.

In the following, define

oy = 1 (f)
Pg -—Sp £)

We will call £ the amplitude of the noise.

Definition 2.4.12 Let T : [—1,1] — [—1, 1] be a measurable non-singular function; a
random dynamical system with noise amplitude & with initial condition xy is a sequence of
random variables

Xo=x0, Xpy1=7(T(X,)+ QS)

where Q¢ is a random variable with probability density pg and 7 is either a periodic or
reflecting boundary condition.

Definition 2.4.13 The annealed transfer operator L associated to the system with noise is
defined by

Lep = 7P  Ljn)

where 7, can be either periodic or reflecting boundary conditions.

Lemma 2.4.14 The operator L¢ induces an operator P acting on densities such that
Pe f = (g * PJ).

Proof Let u = f - m be an absolutely continuous probability measure with density f.
By Definition 2.4.1 we have that

Lpu=Pf - -m.
By Lemma 2.2.7, we have that
B * Lin = (e * Pf) - m,
where the Lebesgue measure on the right handside is defined on R. Remark that by 2.2.7 the

support of p * 13? is contained in [—1 — &, 1 + &].
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Referring to Remark 2.4.7, we have that
T(Be % L) = 7.(fe  Pf) - m

where on the right handside m is defined on [—1, 1].
Remark that by Lemmas 2.3.1 and 2.4.10, and the fact that P sends densities in densities,
we have that P is a well defined operator on densities. O

Remark 2.4.15 Itis worthremarking that L¢8, = 7, (Pe (x—T (y))-m(x)), which, by Lemma
2.2.2, Item (2) is absolutely continuous with respect to Lebesgue, with bounded variation
density.

Definition 2.4.16 Let 11¢ be a fixed point for L, i.e.,

Lepe = pe.

We will call g a stationary measure for fi¢.

Remark 2.4.17 1f P; is the Perron-Frobenius operator operating on densities, and f is a
fixed point of this operator

Pe fe = f¢

then ug = f¢ - m, where m is the Lebesgue measure is a stationary measure.

The following theorem is a consequence of Birkhoff ergodic theorem and the skew product
view of random dynamical systems, we refer to [25], and allows us to connect the notion of
stationary measure and the notion of random dynamical system.

Theorem 2.4.18 (Birkhoff Ergodic Theorem) Suppose Lg has a unique stationary measure
ue, let ¢ € L! (e). Then, for g almost every initial condition xo and with probability one

I n—1

Remark 2.4.19 We state the ergodic theorem in this weaker form, requiring uniqueness of
the stationary measure to simplify the treatment and avoid to define the notion of ergodicity
for stationary measures.

Sketch of proof 1Tt is possible to associate to our random dynamical system with additive noise
a skew product F : Q@ x [—1,1] = Q x [—1, 1], where Q = [—S,S]N, o Q — Qisthe
shift map and, for w € Q, x € [—1, 1] the skew product is defined as

F(w,x) = (cw, (T (x) +y)),

where y = (w)g is the first entry of w, and 7 is the boundary condition.

Denote by v the product measure induced by pg - m on €2, following the proof of [25,
Proposition 5.4] verbatim, we can see that ji¢ is stationary if and only if v X ¢ is invariant
for F;
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We show the “if” claim; let ¥ (w, x) be a measurable function on 2 x [—1, 1], and let

¢(x) = [ ¥ (w, x)dv(w); then
[ [ v vaverneo = [ e
= /¢(X>dLsMs(x) =//¢(N(T(x)+y))pg(y)dm(y)dug(x)

= [ [ [ @@+ mav@psmdmmdus o, @
since the product measure v is invariant for the shift and by definition
v=(ps-m)Qv,
we have that (2) is equal to
/ / Y(o(w), 7(T(x) + y)dv(w)dug (x) = / / YdLp(v x pu)

We show the “only if” claim; let ¢ : [—1, 1] — R be bounded and measurable, define
¥ (w, x) = ¢(x), then, recalling Remark 2.4.9 we have

/¢(X)d(Lgug)(X) = f/qb(ﬂ(T(X)+y))/3$(y)dm(y)dus(X)
= f f Y (@, (T @) + )P (dm(y)d e (x)
=/flﬂ(GwJT(T(X)+y))ﬁg(y)dm(y)dug(x)
=/1/f(w,X)dLF(v X [Lg)

= //w(a),x)d(v X g) =/¢(x)dug-

By [25, Theorem 5.13] and unicity of j1¢ we get that yi¢ is an ergodic stationary measure
(we refer to [25] Sect. 5.3 for a definition), therefore v X g is an ergodic invariant measure
for F and the statement follows. m]

2.5 Regularization Properties of the Annealed Transfer Operator

The ergodic theorem tells us that if we want to understand the statistical properties of a
random dynamical system, we need to prove uniqueness of its stationary measure and study
its properties. Our plan is to show that under some assumptions the random dynamical system

admits a unique stationary measure, with density of bounded variation.

Corollary 2.5.1 The operator Py is a bounded operator from L' to BV, such that

Varp—1,11(Pe f) < (Var[s,s](,os) +2 Slgllz% ng(x)|> NANz =117
[—§.¢]

which in turn implies that Var[_lql](Pg f) < 3||pé||BV([7E,E])||f||L1([—1,1])~
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Proof This follows from Lemma 2.3.1 and the proof of Lemma 2.4.10, i.e.,

Varj_1,17(Ps f) = Var_,1)(7.(pz * Pf))
< Var_1—¢ —14£1(0z * Pf)

< (Var[_g,g](,og) +2 Slélpg |P§(X)|> NPfIlL=1.17)
[—§.&]

and the fact that ||P|[;1,;1 < 1. As in many other occasions, we use that
llpgllBV (—£.61) = SUp[_g g |pg (x)] to give the following bound

(Var[_s,s](pg) + 2[81;1;] lps(X)|> = 3llpellBv(-£.6)-

Remark 2.5.2 In particular, if f is a density (Definition 2.1.2), we have that

Varp—1,11(Pg f) < Var[—¢ g1(0s) + 2 stslpé | pg ()]
[—£.€]

Corollary 2.5.3 (Big noise amplitude limit) Let fg be a density which is a fixed point of Pg;
then

Vari—11)(fe) < (Var[g,g](/?é) +2 Slglr;e |,05(x)|) el =11
[-£§.&]

= (Vm’[s,s](/?s) +2 S‘;@ I,Og(x)|) .
[-§.,6]

Moreover this implies that
lim Var_ =0,
§;Too arj—1,11(fg)
and therefore
1
lim - = _ =0.
LU I fe 2||BV([ 1.1])

Proof This follows from Corollary 2.5.1:

Var(_y,11(fe) = Varj—1 11(Ps fe) < (Var[—g,s](ps) + 2[5212] |Ps(x)|> .
The second statement follows from

Var—i 11(fe) < (Var[—s,s](/?s)+2 sglz I,Og(x)|>
[-§.8]

1
== (Var[—l,l](p) +2 sup |,0(X)|> ,
[—1,1]

§
SO
lim Varj_ =0,
(Jim  Var 1,11(/)
which implies the thesis. O
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Remark 2.5.4 Remark that Corollary 2.5.1 and 2.5.3 do not depend on our choice of boundary
condition.

Remark 2.5.5 Corollary 2.5.3 tells us that for any bounded variation noise kernel, as the ampli-
tude of the noise increases, the orbits of the random dynamical system distribute themselves
uniformly in the interval [—1, 1].

Definition 2.5.6 Let
Up=(f e L'([~1.1]) | /fdm _o).

We call U the vector subspace of average 0 measures; by abuse of notation we denote by
Uy also its intersection with BV ([—1, 1]). We say Pg contracts the space of average zero
functions in L' if

P2yl g1 < €O

for constants C > 0,0 < 6 < 1. We say Pg contracts the space of average zero
functions in BV if

1P lllBY—BY < CO"
for constants C > 0,0 < 6 < 1.

Lemma 2.5.7 The operator P: contracts the space of average zero functions in L' if and
only if it contracts the space of average of average zero functions in BV .

Proof By Lemma 2.3.1, we have that

Pellpis gy < 3llpellBv—¢.61)-

Suppose P contracts the space of average O functions in BV . Let f be an average 0 function
in L1, then

-1
IIPE fllp < IPE fllsy < IPE luollBv—Bv3llegll By -genll flIL1

which implies that

1Pl = 2BV 3o

i.e., P contracts the space of average 0 functions in LU If P: contracts the space of average
0 functions in L' we have that, if f is an average 0 function in BV

1P fllBv < 3||PE||BV([7.§,E])||P;71f||L1aLl < 3llpellBv-z.en - CO" I fllLr
since || f]l.1 < || f|lpv this implies that

3llpellBv-te1) - C
0

i.e., that P¢ contracts the space of average functions in BV. O

1P il By < ",

Lemma 2.5.8 If P¢ contracts the space of average 0 functions in L' (or equivalently in BV ),
then Lg has a unique stationary measure.
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Proof We prove by contradiction that the stationary measure is unique: let ;« and v be station-
ary measures. Since Lg 4 = p and Lgv = v we have that p and v are absolutely continuous
with respect to Lebesgue, with densities f* and g respectively. Now, P: f = f and P:g = g,
and, since Pg contracts the space of average 0 measures, we have that for any n

ILf =gl = 1P (f =@l = COMIf —gllpr

Take N such that CO"Y < 1, the inequality above then implies that || f — g||;1 = 0, which
in turn implies that u = v. O

We will now generalize of a result in [11]: if for some noise amplitude the operator
contracts the space of average 0 functions in L', then for all bigger amplitudes the annealed
operators also contracts the space of average 0 functions in L'. We start by an auxiliary
Lemma and Corollary.

Lemma 2.5.9 Let p be a mother noise kernel, pg its rescaling, | be a probability measure
on [—1, 1], i1 its extension to R by i(A) = (AN [—1, 1)), then, for any measurable subset
A and for each & > & we have that

A c & . .
«(0 A) = ———— 2T A).
(g * [1)(A) = IIpIIngn (g * 1) (A)

Proof We remember that pg (x) = ép(x/&) and that p(x) > ¢ > O for all x € [—1, 1] by
Definition of 2.4.11. Therefore

c

pe(x) = -

T

forall x € [-£, &].
‘We have that

m e ) = [ L ROV~ )dm

by the observation above we have that
~ ~ c ~
[ B = § [ - ano.
[-6.61 & Ji-¢.8)
Now, since

llollBv

l1oelloo < llpellBy =< :

we have that

llollBv

§

Sinceé > & and [i(A — y) is nonnegative for all y we have

74 (P * ) (A) < / (A — y)dm(y).
[£.£]

[ sna =y = [ a4 ano =
€. § JI-8.8
C

R c &
£ /l—s,sJ A = dm) = llollBy & /l—s,sJ

and the thesis follows. O

Pe(MA(A — y)dm(y).
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Corollary 2.5.10 Let v be a probability measure in [—1, 1]. Then, letting T = lec\sv g, we
have that
Lzu(A) = tLep(A),
for all measurable subset A.
Proof Use Lemma 2.5.9 with & = Lv. O

We can now prove that mixing for some noise amplitude implies mixing for all bigger
noise amplitudes.

Lemma 2.5.11 Suppose P: contracts the space of average 0 functions in L' for& > 0; then
Pg contracts the space of average 0 functions for any é‘ > £.

Proof By Lemma 2.2.2, Item (2), we know that L8, is an absolutely continuous probability
measure and by Corollary 2.5.10 we have that for any measurable subset A, and any x €
[—1, 1]

(LF6:)(A) = T"(Lg 8:)(A).

By hypothesis, P is contracting the space of average 0 functions in L', so that, for any
x € [—1, 1], if f¢ is the density of the stationary measure and g is the density of Lg”SX, we
have that

fe = PI gl = [1PI ™ (fe — @)l <2C0™ ",
which in turn implies that for any measurable subset A
[(LE8:)(A) = ne(A)] < 2C6™ .
Let N such that 2COV ! < 1, and let
vy =N (1 =200 g,
then
(LY6:)(A) = vy (A)

for all x and for all measurable A.

Remember that, if ;« and v are absolutely continuous measures with respect to Lebesgue,
with densities f and g respectively, we have that the total variation norm for measures (we
refer to [18] for its definition) is related by the L' norm by the following equation:

1
i —vllry = Ellf —gllpr-

Then, by [18, Theorem 16.2.4] and the fact that L¢ maps measure into absolutely contin-
uous measures, i.e., item 2 in Lemma 2.2.7, we have that

1P gl < 4p"™;
where p = 1 — eV (1 —2CoN ). O
Lemma 2.5.12 There exists C > 0,0 < 0 < 1 such that for all ¢ > 1
1P el 1 < CO".
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Proof Recall that pg(x) = % p(x/&). Therefore, for & in [k, k + 1), where k is a positive
natural number, we have that

C
>
ps(X)_k+1,

and we have that for all x € [—1, 1], due to boundary conditions,

Lgéc(A) > c-m(A).

k+1
This implies that for all £ > 1, we have that

Lesy(A) > % -m(A).

By [18, Theorem 16.2.4] and the fact that Lg maps measure into absolutely continuous
measures, i.e., Lemma 2.2.7, we have that

1PE gl < 4™
where p = 1 — ¢/2. O

Corollary 2.5.13 Suppose P contracts the space of average O functions in L' for & > 0;
then there exists C > 0,0 < 6 < 1 such that

1P el < €O
forallé‘ > &,

Proof Using a compactness argument, for all § in (¢, 1] we have a uniform bound from
Lemma 2.5.11; for £ > 1 we have a uniform bound from Lemma 2.5.12. ]

2.6 L' Continuity of the Stationary Measure with Respect to the Noise Size

In this subsection we prove continuity in L" ([—1, 1]) of the stationary measure with respect
to the noise size at a fixed noise size & > 0.

Lemma 2.6.1 Suppose that Pg contracts the space of average 0 functions in L'. More-
over,suppose that there exists a 0 < € < & such that for all é in (§ — €,& + €) the operator
P§ has a unique fixed density fg.

Then

lim |[fz = fellpr = 0.
¢

Proof A bounded variation function on the interval has a countable set of discontinuity points,
since it can be written as the difference of two monotone functions [3].

Moreover, a bounded variation function is bounded; fix & and let 2¢ be the set of discon-
tinuities of ps. We claim that

lim |1 — pell1 = 0.
§—¢
where ﬁé, Pe are the extensions of Pz and pg respectively to R.
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Observe that

o A ) 11
||/),§—PE||L1 :f o |p§(x)—pg|dm§max<7,*>||/0||Bv-
(& £1\0: § ¢

By the dominated convergence theorem we have then that

tim [ g0 = peldm = [ tim ) ldm
§—& J[-§.6]\ Q¢ [=§.6)U.E]1 65—

[ timi - prcolm
[-§.61\Q2s 6§

which goes to 0 as £ goes to &.
By L! continuity of the convolution this in turn implies that

Jim ||P§ — Pellpi 1 =0,
E—&

and
1fe = Sellor < WP (fe = Sl + 1P f = P fellp.

Since ||Pgi|Mo||L‘ < CO where0 < 6 < 1, there exists a positive N such that coN < 1/2,
since fg — fé is an average O function in L' we have that

1
1fe = fellwr < SIIfe = fello +1PY f = PY fell.

and we estimate the right hand side by telescopizing the difference of powers:

N—-1
IPY fp = PY felln < Y NPE gl il 1 Ps = Pyl 1P el

=
(=]

=

]

1P Lol 1 1 11Ps — Pellpio ol fellp

,@
al

= mHPE - P§||L1—>L1;

where we used that || fg [|1 = L. This implies that
1
1fe = fello < 20— 11Pe = Pellpips

Taking the limit as £ — & we conclude the proof. O

Remark 2.6.2 The same argument can be used to prove right continuity of the stationary
measure in L. The main difference is that we can drop the hypothesis of the uniqueness of
the stationary measure since by Corollary 2.5.13 the contraction of the space of average 0
functions at £ implies uniform contraction for all é > £, so the uniqueness of fé follows.

Remark 2.6.3 Lemma 2.6.1 proves the continuity at £ in L' norm of the stationary density if

the operator P is contracting the space of average 0 measures and the stationary measure is
unique in a neighborhood of &.
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Even if we have uniform contraction rates, we can only prove continuity in L' of the
stationary density as a function of &.

More regular noise kernel allow us to prove stronger regularity of f¢ as a function of &,
which reflects in stronger regularity of the Birkhoff averages of observables as a function of

£,

Corollary 2.6.4 Suppose that Pe contracts the space of average 0 functions in L'. More-
over,suppose that there exists a 0 < € < & such that for all é in (& — €, & + €) the operator
Pg has a unique fixed density f§~

Then, forany 1 <r < +00

lim [|fz = feller = 0.
§—=& 7

Proof Recall that if f¢ is a fixed point of P¢ with || f¢||;1 = 1 we have that

fellsv = 1 Pe fellpv < N Pellpio gyl fellpr < 3llogllsy-
The BV norm bounds from above the L°°-norm, so

llollBy
1 = filloo = 652
Therefore, f; — fé belongs to L' N L and by the classical L? interpolation inequality
we have that

1-1/r

1/r
e = Feller = (1 = fellw) - (11fe = Fele)
Therefore,

, lellgv ' " 1r
ggllfé—fgllLr§<6s_6> gl_r)ré(llfé—fgllu) =0.

m}

Corollary 2.6.5 Let ¢ € LP([—1, 1]), with p > 1; suppose there exists a &y such that Py,
contracts the space of average 0 functions in BV or equivalently L. Then, the function

1
A5®) = [ pdne
is well defined and continuous for all &€ > &.

Proof By Lemma2.5.11 we have that P contracts the space of average 0 functions in BV for
all £ > &y This implies by Lemma 2.5.8 that for each & > & there exists a unique stationary
measure g with density fz in BV. By Lemma 2.6.4, fixing € < § — & and letting g > 0
be such that 1/¢g + 1/p = 1 we have that, foré‘ c&—€&+4+¢

1 1
lim | [ ¢ fedm —/ ¢ fedm| < lim [||[Lr[l fe — fellLa =0
§—& J— -1 §—¢
which implies the continuity of A forall& > &j. The proof of 2.6.1 can be redone verbatim
for right continuity at &y as explained in remark 2.6.2, which implies right continuity at &

and the thesis. O
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Corollary 2.6.6 Let ¢ € L'([—1, 1]); suppose there exists an 0 < & < 400 such that P,
contracts the space of average 0 functions in BV or equivalently L. Then, if

1
Ap(§) = / 1 ¢d g
we have that
L
lim A = —dm.
(Jm ¢ (&) [1¢2 m
Proof As in Corollary 2.6.5 the function is well defined for all £ > &j. We have that

1 1
1 1
li - - li — |l =
sJToo|/_1¢f$dm /_laﬁzdml = dim 1911l fe = Slle> =0,

recalling that the BV norm bounds from above the L* norm, the thesis follows from
Corollary 2.5.3 . O

2.7 Continuity with Respect to the Base Dynamic T

To study the behavior as the base dynamic varies, we will use the following arguments by
M. Monge, that was proved for a version of [11].

Definition 2.7.1 A piecewise continuous map T on [—1, 1] is a function T : [—1, 1] —
[—1, 1] such that there is partition {/; }1 <;<x of [—1, 1] made of intervals /; such that 7 has a
continuous extension to the closure /; of each interval. We call this partition the continuity
partition of 7'.

If two piecewise continuous maps 77 and 73 share the same continuity partition we define

T — T2lleo = max sup [T1(x) — T2 (x)].

xel;

Remark 2.7.2 Remark that a piecewise continuous map is uniformly continuous when
restricted to each I; in its continuity partition.

Remark 2.7.3 The condition that two maps share the same continuity partition is used to
generalize the sup distance on continuous maps to piecewise continuous maps; as observed
by one of the referees the arguments in the rest of the section do not depend strictly on it but
the treatment is easier if we assume it.

Definition 2.7.4 The Wasserstein—Kantorovich distance of two probability measures is

defined as
[ o [ o

Remark 2.7.5 We refer to [11] for the properties of the Wasserstein—Kantorovich distance we
use. It is worth observing that

W, v) = sup
Lip(¢)<L,/[¢]loo=1

W(Sps 5(1) =|p—ql.

We now give a proof of [11, Lemma 51], starting by proving another property of bounded
variation functions.
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Lemma 2.7.6 Let ¢ be a bounded variation function on [a, b], zero outside of [a, b]. Let ty,
be the translation operator t,(¢)(x) = ¢ (x + h). Then

Nthd — Ot qa—n,prny < h (Var[a,h](ti)) +4 SUE |¢(x)|> .
[a,b]

Proof Without loss of generality, suppose & > 0, the negative case is analogous.
We start by observing that

Th (@) — @l L1 (a—h.btn])

a b—h b
—/ h|¢<x+h)|dx+/ |¢<x+h>—¢(x)|dx+/b 1ol

b—h
< [ 60— gwldn + 250 161
a [a,b]

Let now N be the biggest integer such that Nh < b — h — a; then, the intervals [; =
[a+ih,a+ (i + 1)h]fori =0,...,N —1,and J = [a + Nh, b — h] are a partition of
la, b — h]; remark that m(J) < h. Then

b—h

| e n = ocoix =3 [ 166+ - owiax + [ 190+~ polax
a i I; J

N—-1 .p
< Z / lp(a+ @+ Dh+2)—¢la+ih+2z)|dz+2sup|p(x)|-h,
i=0 70 la.b]

where on each U; we used the change of coordinates x = a + ih + z. Now, we have that

h h
/ 3 1¢a@+ G + Dh+x) = a+ ih +x)ldx < / Varfq ) (T )dx.
0

since the variation is translation invariant, we have then that

b—h
/ lp(x +h) —px)ldx < (Var[a,b] (@) +2 [su]?] |¢>(X)|> ~h

Summarizing, using the fact that ¢ is zero outside of [a, b], we have
NTn (@) — ALt qa—n,brn) = (Var[a,bj(¢) + 4[Su}17)] |¢(x)|> h.
a,

O
Lemma 2.7.7 Let ¢ be a bounded variation function on [a, b], zero outside of [a, b], and let

Y € L°°(R). Then, their convolution ¢ * \ is a Lipschitz function with Lipschitz constant
bounded above by (Varia ) (¢) + 4 supy, 4 16 (X)) [[¥]]oo-
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Proof This follows from the definition of convolution

lp*y(x+h)—¢xy(x)| =

wa(x Fh—y)— bl —y) w<y>dy‘

= [I¥llLee fR lp(x +h —y) —¢(x = y)ldy = |[¥]lLelltn(ta¢) — Tl (r)

[a,

= [|YllLelltn (@) — @l qa—n,prnyy < ¥ lLoe (Var[a,b](¢) +4 suIE)] |¢(X)|> h.

where we used the fact that ¢ is O outside [a, b] and invariance of the L! norm by . O

Lemma 2.7.8 Let now v and v be probability measures on [—1, 1]; as in Lemma 2.2.7 we
have that pg * 1 and pg * D are absolutely continuous with respect to Lebesgue, let f and g
be their densities. Then

sup Ips(X)I) W, v) < 5llpellav W (i, v).
—§.8]

f—gllLiq—1-e14epn < (Var(pg)+4[ .

Proof Recall that f and g are O outside [—1 — &, 1 + £]; for each ¥y € L°°(R) we have that

- ‘/wd(ﬁe*ﬂ)—/lﬂd(ﬁs*ﬁ)

[ wir = o

= ’/ / Y (x)pz (x = y)dm(x)da(y) — / / Y (x0)pz (x — y)dm(x)di(y)

- ’/(lﬂ*ﬁs)dﬁ—/(W*ﬁs)dﬁ

By Lemma 2.7.7 and definition of Wasserstein distance we have then

‘/lﬁ(f —g)dx| < (Var[s,s](pg) +4[Sl§%] ng(X)I) IW]lLee - W(, v),

which in turn implies the thesis by taking as ¥ the function with value 1 if f(x) > g(x) and
value —1 if f(x) < g(x). ]

Remark 2.7.9 The constants in the preceding lemmas are not optimal, but are enough for our
goal of studying the continuity of the stationary density with respect to the parameters of the
system in the presence of positive amplitude noise.

Lemma2.7.10 LetTyand T, : [—1,1] — [—1, 1] be piecewise continuous nonsingular maps
that share the same continuity partition and let Lt,, LT, the associated transfer operators,
let f € L. Then:

WLz, (fdm), L,(fdm)) < |[T1 — T2llooll f1l1,
or equivalently

W((Pr, f)dm, (Pr, f)dm) < ||T1 — Dallooll fl]1-

Proof Let [a, b] be an interval and let P = {p9 = a,..., p, = b} be the endpoints of
a partition such that p;11 — p; < D (in the following we will call D the diameter of the
partition).
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Let f € L'([a, b)) be a positive function; the projection of fdm associated to the partition
Pis

n—1 i+
m:f:Z(/p fdm)-sm
i=0 P

where 8, is the Dirac § at p;.
Then, for any Lipschitz function ¢ on [a, b] we have

Pi+1

n=l apiy
> [ ewareoan— [ o e
i=0"Pi

i

< Lip@1 £ 1111 qa.op) - D

which implies
Wmp f, fdm) < DI flliqa.p)-

Fix € > 0, by uniform continuity there exists a D such that the image of a partition of
diameter D has diameter at most €; let f be a density, and let P be a partition of diameter
D, as above.

For a Dirac §,, at p, we have that

L1,8p = d1:(p)
fori = 1, 2, which implies
W(Lnép, L1,8p) < ITh — Talloo

By triangle inequality, this implies that
Di+1
W(Lympf. Lyapf) <) (/ fdm> WL, 8p,. L1y8p,) < [1T1 = Tallool| f11L1-
i Pi

Now, any Lipschitz function ¢ is bounded; by the duality properties of the transfer operator
and the Koopman operator, we have

Pi+1
[ orniram S oo [ sam
i Pi

Pi+1
> [ @enier = go i sam|.
i i
which in turn implies

W(Lr,(fdm), Lyyp f) <,

and similarly for 7>.
This implies that

W(L7 (fdm), L1,(fdm)) < W(Lpympf, Lp,p f) + 2€,
as € is arbitrary, we obtain the thesis. O

Definition 2.7.11 Let 77 and 7> : [—1, 1] — [—1, 1] be piecewise continuous nonsingular
maps that share the same continuity partition. We will denote by

LE,T/ = 7'[*(,05 % LT,’)s fori = 1, 2,
and the associated annealed Perron—Frobenius operators

Pe 1. f =me(pg * Pr;(f)) fori =1,2.
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Lemma2.7.12 Let Ty and T, : [—1,1] — [—1, 1] be piecewise continuous nonsingular
maps that share the same continuity partition. Then for any f € L':

NP1, (f) — Pery (DI = 11T — TallooSHpel BV It
Proof

1 Pe. 1y (f) — P (D)1 = lImllBv— vl * (P, (f) — P (f DI
< Sllpgllpv - W(Pr, (f)dm, Pr,(f)dm),
where the operator norm of 7, : BV([—1 —&,1+4+&]) - BV([—1, 1]) is bounded by
Lemma 2.4.10. The statement then follows by Lemma 2.7.10. O

Lemma 2.7.13 Let T| and T, be piecewise continuous nonsingular maps that share the same
continuity partition. Suppose Pg 1, contracts the space of average 0 functions in L' with
constants C > 0and 0 < 6 < 1 then

C
IPEg f = Pepy Ml < T—5 1T = TallooSlloe iy

Proof This follows from a telescopization argument:
n . .
WPLp f =Pl fllp < ) NPE gl IPer = Penllpip [1PE 7 fllp
i=0
Since || P, 7, fllz1 < || fllp1 and by Lemma 2.7.12, we have that

n

WPE i f = Plp flin <D COITY = TallooSlloel v I £11:
i=0

and the thesis follows. O

3 Proof of Theorem 1.1.6

The results in Sect. 2 already allow us to prove Theorem 1.1.6.

Proof of Theorem 1.1.6 Hypothesis R2 and R4 together with Lemma 2.5.11 prove that for all
& > & the operator P¢ contracts the space of average 0 functions in BV (and equivalently
in L'). This guarantees uniqueness of the stationary measure.

Hypothesis R3 guarantees that In(|7’|) € L?(m) for p > 1; by Corollary 2.6.5 together
with Hypothesis R1 this allows us to prove that the function

1
w6 = [ T dne

is well defined and continuous in [0, +00).
Corollary 2.6.6 together with Hypothesis D2 and R3 allow us to state that

A(0) > 0, lim A(¢) <O,
E—+o00

therefore our system shows Noise Induced Order. O
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4 Consequences for the Model
In this section, the noise kernel is
1
p(x) = S X111
the (normalized) characteristic function of the interval [—1, 1].
The family Ty, g : [—1, 1] — [—1, 1] is defined by
Ty p(x) =1—2Bx|". 3)

4.1 Deterministic Behavior

The family T, g foro > 2and 0 < B < 1 is a family of unimodal maps, a classical example
of non-uniformly hyperbolic dynamics.

In this family, the prototypical example is the quadratic family, i.e., T2 g as B varies; the
long term behavior of the system is strongly sensitive with respect to the parameter §: outside
a parameter set of Lebesgue measure O (the infinitely renormalizable parameters [15]), the
parameters can be classified into two categories:

e adense subset of regular parameters where all the points converge to a periodic attract-
ing orbit

e a positive measure Cantor set of stochastic parameters that admit an absolutely contin-
uous invariant probability measure and have positive Lyapunov exponent.

It is worth discussing the properties of the Schwarzian derivative for the family 7y g.

Lemma4.1.1 For o > 1 the Schwarzian derivative of Ty g is well defined and negative in
[-1,00 U (O, 1].

Proof This follows from computation:

’ 2
Top\ _ 1 (Tap
S(Ta’ﬁ) - Tﬁ - 5 T/ ﬁ .
o, o,

For x > 0, we have that

"

"
-2 — x*2 -1 T — (-2
e AL N R
Ta’ﬂ —2Bax* X Ta.ﬂ by
for x < 0, similarly we have that
Tap - 22— D02 a1 a-l
X) = = — =
T, s 2Ba(—x)o~1 (—x) X
and
wp oy 2B2@ = D@ =20 @=D@=2)
T, 4 2Ba(—x)*! x2 '

Therefore, for x € [—1, 0) U (0, 1] we have that

C@—D@-2 3@-1)*  la*-1
ST p)x) = x2 T2 2 T2 %2

< 0.

[m}
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Remark 4.1.2 The unique point where the Schwarzian derivative of T, g is not defined is the
critical point. This observation is not new, and is used extensively in [17]; intuitively, due
to the slow recurrence of the critical orbit to the critical point, the levels of our tower are
avoiding the critical point.

Therefore, when we build the induction scheme, the Schwarzian derivative of the iterates
is going to be definite and negative.

We will prove now that our systems, when o > 2 and g = 1 satisfy the hypothesis of [23,
Theorem 1.5]. This permits us to state that § is a density point of stochastic parameters, i.e.,
parameters that admit an a.c.i.p. and have positive Lyapunov exponent.

To avoid notation clutter, in some of the following equations we are going to use the
notation fg(x) := f(B, x), and the notation c, () := flg’ (0) for the critical orbit.

Definition 4.1.3 We say f (8, x) is a regular family if
() f(B.x)isC?inx, B;

(2) ¢ = 0isthe unique critical point of f (8, x), f (B, x) is increasing on [—1, 0), decreasing
on (0, 1], c2(B) < 0 < c1(B) and c2(B) < c3(B), and for all x € (—1, 0] we have that
f(B,x) > x;

(3) there exists constants A}, A and 7 > 2 such that for all g

AFIxI" < Dy fp(0)| < Adlx|T!
and
Dafp ()] _

X
< -—1
|Dx fp(3) y D
Lemma 4.1.4 Fixed a > 2 the family f (B, x) := T g(x) is a regular family.

exp (C *

Proof Ttem (1), (2) and the first part of item (3) are trivial, the second part of item (3) follows

from the fact that
|x] x|
(a—1DIn{—)<@-D[—-1]).
[¥] |yl

Definition 4.1.5 A parameter $ is called a perturbable parameter if there exists a constant
&* > 0 such that

(1) forevery § € (0,€*)andn > 1, if x € I satisfies fé(x) ¢ (—46,98) and fg(x) € (—=4,9)

then [(f2)'(x)] = €*,
(2) foralln > 1, ¢,(B) = €* and fg has no stable periodic point,

(3) Timy s 400 9p.£1 (c0(B)/0x £~ (c1(B)) = Q* #0.

Lemma4.1.6 Fixed & > 2, if we denote by fg(x) := Ty g(x), the parameter B = 1 is a
perturbable parameter.

[m}

Proof Item (2) in the definition of perturbable parameter is trivial, since c2(1) = —1, which
is a fixed point.
Item (3) follows from the chain rule for the derivative with respect to the parameter, i.e.,
f f

9 8 9 dg
ﬁ(f(ﬁ, 8B, x) = ﬁ(ﬁ’ 8(B. x)) + 5 (B, g(ﬁ,X))ﬁ(ﬁ,X).
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This allows us to check item (3); by a straightforward computation we have that

af _ f
ﬁ(l,—n_z oD =2a

and that
(@8 f1)(0) = 3 f1(ca—1(1)) + 3 f1 (cnfl(l))aﬂ(ff‘_l(o)),

since c2(1) = —1, which is a fixed point, we have that
(0p.f1(0) =2+ 2adp(f1"~" (O)),

which in turn tells us that

(38 f1(0) ~ 2a)"!

which in turn implies item (3).

The last condition we need to check is condition (1); we will follow a classical construction
from [14].

We will denote by n the positive fixed point of fj(x); denote by f; the left branch of
f1(x) and by fg the right branch. We will identify by a string of “R” and “L” the preimages
of n through fx and f7,i.e.,

RLLL = f' (f "7 (o)

we observe that L = —r. We will denote by L* a sequence of k consecutive “L” and similarly
for “R”.

Outside of the domain / = (—n, ) the map f1(x) is uniformly expanding. The preim-
ages RL¥ for k = 1,2, ... are all bigger than 7, so their left and right preimages fall in
(—n, n) when taking their left and right preimages LRL, RRL, LRLL, RRLL,... we obtain
a countable partition of (—n, 1).

Denote by Ay = (RRL*T', RRL¥) and by A_; = (LRL**! LRL¥); observe that by
construction Ay and A_j are mapped diffeomorphically onto (—n, ) by f]k‘H. Moreover,
on[—1,0)U(0, 1] we have that f] has negative Schwarzian derivative; this allows us to show
that if x belongs to A, it will come back to (—#, ) with derivative bigger than 1, by Koebe
distortion lemma.

Now, if x ¢ I, flk(x) ¢ Ifork=1,...n, f{'(x) € I, since fi is uniformly expanding
outside /, the condition is satisfied.

If x € I, then x belongs to some A; and if we denote by r(x) = |i| 4+ 1 the return time to
I then x returns to / after r(x) iterations and | Df] @) > 1.

If coming back it enters (—4, §), then the condition is satisfied; if it returns to I \ (-4, §),
then it will return to / only after r( flr ) (x)) steps, with derivative

r(x) r(x
D o = g DO ) > 1.

The only remaining case is when x starts outside / and then hits / \ (—§, §) in k steps.
In this case the modulus of the derivative is bigger than 1 before k and then we will need at
least r( flk (x)) steps to get back to /, guaranteeing that the derivative is bigger than 1. O

This allows us to use [23] to prove the following.

Theorem 4.1.7 (Theorem 1.5 [23]) Let & > 2 and let fg(x) = Tz g(x); let B = 1; there
exists positive constants C, y, A, € such that 1 is a density point for the set of parameters 2
such that
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(1) fpg has no stable periodic point,

2) foralln > 1, |ff:}(0)| > e exp(—ny),

(3) foralln =0, |(f5) (fp(0)] > Cexp(ny),

4) foralln > 1, if x € [—1, 1] satisfies fg(x) #O0forallk=1,...n—1and fé‘(x) =0,
then |(f§) (x)] = C exp(nh).

This implies that B = 1 is a density point for the set of parameters that admit an abso-
lutely continuous invariant measure and with positive Lyapunov exponent with respect to this
measure.

Remark 4.1.8 As pointed out by one of the referees, the family 7, g is not C3for2 <a < 3,
so many results as in [13, 22] do not apply in this interval of exponents. The results of [23]
works under lower regularity conditions.

Indeed, many of the technical details in the next sections are needed to apply our theory to
the maps Ty, g for a € (2, 3). The treatment is simplified for systems with higher regularity.

4.2 Stochastic Stability

We remember that the noise is distributed uniformly, i.e., the mother noise kernel is

1
plx) = S X-1.1]-

We are interested in answering the following question: if 1 is the invariant measure for
the deterministic system and ji¢ is the stationary measure for the random dynamical system
with noise amplitude &, is it true that jg goes to 110 as the noise amplitude goes to 0? And
in which sense does this happen, i.e., is it convergence in the weak-* topology, or we can
have stronger statements on the convergence? This problem is called stochastic stability, and
many results have appeared during the years [1, 2, 4, 5, 17, 22], where stochastic stability is
proved under different hypothesis and regularity assumptions.

In [5] strong stochastic stability is proved that for C* unimodal maps with nondegenerate
critical points, negative Schwarzian derivative and such that, if ¢ is the critical point, there
exists y > 0, Ac > 1, Hy > 1, ¢¥” < /A such that

o |TX(c)| = e 7 forall k > Hy
o [(TFY(T(¢))| = Ak for all k > H
e f is topologically mixing on the interval bounded by ¢ and c».

This means that if fz is the density of ug and fj is the invariant density of the a.c.i.p. of
T, we have that f; converges to fo in L' norm.

The argument goes as follows, the condition above allows the authors in [5] to construct a
uniformly expanding?® tower extension of the dynamic T:1— I, where c Nx [—1,1]is
the union of sets of the form {k} x By and the By’s are a partition of full measure of [—1, 1].
If [T (k, x) = x is the projection taking a point in {k} x By, we have that TTo 7 = T o I1.

This tower construction, as constructed in [5] works also for all deterministic perturbations
T(x)+ w where w < €, 80 they are able to construct an extension of the random dynamical
system Tg I — I such that IT o Tg = T¢ oI, and using a perturbation argument prove the
following theorem.

2 with respect to an adapted Riemann metric by conjugating the Perron—Frobenius operator by multiplication
with a cocycle.
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Theorem 4.2.1 There exists an & > O such that for all & € [0, &) the random dynamical
system Tz on I admits a unique stationary measure with density fg in BV with respect to
the Lebesgue measure m in I. Moreover

lim || f: — follgv — 0,
£E—01

which implies that f: := I'[*fg converges to fo 1= H*fo in LY, e = fedm is a stationary
measure for T, o = fodm is an invariant measure for T and, there exists C>00<6<1
such that for all £ € [0, &)

I1PL ol BY < CO".

We will not give a full proof of the Theorem, since it is quite a technical argument and
the estimates can be done verbatim, but we will show where we can relax the hypothesis of
negative Schwarzian derivative on the whole domain and the hypothesis that the map is C*
on the whole domain.

Sketch of proof In the following, let f(x) = Ty g(x), where B is a stochastic parameter
obtained from Theorem 4.1.7. Without loss of generality, to avoid cluttering with constants,
we assume the parameter satisfies

e |c,(B)| > e V", for some small @, n > 1 (slow recurrence to the critical point),
o [(f™)(c1(B)| > A", forsome A, > 1,foralln > 1 (expansivity along the critical orbit),

Following [17] p. 287 we fix A > 1 and p < e¥ such that
e’ < 2%,

where o is the exponent of Ty, g, and letting y < B1 < B2 < 2y, the condition above implies
that

P2 < 1

fori =1, 2.

Let ¢ = fk(O), and for all k > 0 let By = [ax, bx] be a set such that [c; — e P2k, ¢ +
e Pk 2 By D [cr — e 1K, ¢ + e P1¥]; due to the slow recurrence to the critical point, we
have that O ¢ By for all k > 0; let Bo = [—1, 1].

We fix a small § > 0, to guarantee that once in the neighborhood (—4§, §) we will go up
enough levels of the tower and, denoting by f;(x) = f(x) + ¢ and, letting Ex = By x {k}
fork >0and [ = Uk>0 Ek;wedeﬁnef, .y

A (fi(x), k + 1) ifk > land f; (x) € By+1
fi(x, k) = (fiy(x), 1) ifk = Oandx € (-4, 5)
(fi(x),0) otherwise.

for all r € (—eq, €p) (with € small). The l'IArnap is defined as IT(x, k) = x.
We define the unperturbed cocycle wg : I — R

Ak . A
o it k) el
wo(x, k) = {10 U @)l if (x, k) € Im(f7)
0 otherwise

where f¥(x, k) = y is the unique point in (0, §) such that f*((y, 0)) = (x, k), we will not
define the perturbed cocycle w, since the negative Schwarzian derivative hypothesis enters
into play only in the proof of the properties of wg
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The negative Schwarzian derivative hypothesis is used only in [5] Lemma 4 and the
Sublemma in Sect. 4.

We start by showing how to adapt the proof of [5, Lemma 4]. Note that the support
ofAthe cocygle wo inAEk is an interval for each k > 1, with endpoints in the set dE; U
{/%(0,0), f%(3,0), f*(=5,0)}.

For k > 1 let the subintervals of Ej defined as ﬂ,j ={(y,k) | f(y) > bxy+1 — €} and
By ={, k)| f(y) < akt+1+€}, and by yk+ and y, respectively their intersection with the
set {we (x, k) # 0}.

For (y, k) € yk+ , and similarly for y;,~ we have that

wo(y. k) Ak
LD 1Y G ol

remark that neither f;k(y,:r) nor IT(E; Nsupp(wp)) contain O (refer to the proof [5, Lemma
4], Line 5), so the Schwarzian derivative of f| o is defined and negative and similarly
J+

for all its iterates. Therefore |(f ktlyr f;k (v, k))| has a unique maximum and Lemma 4
follows under our weaker hypothesis, by exchanging the order of the arguments in Line 4
and Line 5.

A similar argument works for the Sublemma in [5, Sect. 4], above equation 4.3, since
/" has no critical points in y, and the point where the Schwarzian derivative is not defined
correspond to the critical points, the Schwarzian derivative of f” is defined and negative,
implying that the function g has at most a local minimum on .

We need to assess the lack of full C* regularity; the only place where the C* regularity of
the map is used is in [5, “Climbing the tower” p. 497], to prove the regularity of the function
K (x) defined as

1))
K(x) = 2 -1
=]

where x_ is the unique point with x_ # x and f(x) = f(x_). We need to prove that there
exists finite constants K and K such that

sup K (x) < K, Varyzo(K(x)) < K.
x7#0

Remark that in our family, we have that K (x) = 1 for all x # 0; so these are trivially satisfied.
The proof then follows directly from the estimates in [5]. O

Remark 4.2.2 While we fixed the uniform noise kernel, the class of noise kernels for which
the result in [5] holds is larger: in our framework of rescaled noise ps (x) = p(x/§)/& they
can be restated as the fact that p is bounded (which follows from Bounded Variation) and
the fact that, if we denote by J = {t | p(¢) > 0}, 0 € J and In(p|) is concave.

This has an important consequence, i.e., continuity of the Lyapunov exponent near 0.

Corollary 4.2.3 In the hypothesis of Theorem 4.2.1, letting T (x) = Ty g(x)

1 1
lim/ 1n(|T’|)fgdm=/ In(|T"]) fodm.
§—01 /1 -1
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Proof By direct computation
1 1
‘/ In(I7"D(fe - fo)dM‘ = ‘/ In(|7" DT, (fz — fo)dm‘
-1 -1

< ln(|T/|)||L1([71,1])||]2$ - f0||BV(;),

> f In(IT" (M@ (fz — fo)dim(x)
{k}x B

keN

where m is the Lebesgue measure on I, which implies the thesis since f;- converges to foin
BV (I). O

Corollary 4.2.4 (Corollary of [5]) Let Ty g; fix @ > 2 and let the mother kernel be p(x) =
X[—1,1], i.e, the noise in our random dynamical system is the uniform noise. Then p = 1isa
density point for the set of parameters Q2 for which there exists a & > 0 such that:

(1) forall§ € [0, &) there exists a unique stationary measure [Lg,

(2) the density of the stationary measure g converges to the density of the deterministic
system in L' as & goes to O (strong stochastic stability),

3) fll ln(lTO;JS Dd g is a continuous function of the noise amplitude in [0, &),

(4) there exists C>0,0<6 <1such that for all & € [0, &)
IPL|lgy < CO™.
In particular, hypothesis D1, D2, R1, R2 and R4 of Theorem 1.1.6 are satisfied.

Remark 4.2.5 All the arguments presented in the sketch of the proof above are already known
in literature, see [17].

We prove now that hypothesis D3 is also satisfied.
Lemma4.2.6 Fora € [2,+00), B € (0, 1]
In(|T, 4) € L7 ([~1, 1]),
forall p > 1.
Proof Follows by computation; let x < 0, the x > 0 case is analogous.
Ty p(0) = 2Ba(=)* ",
therefore
In(|7, 4) = In(2) + In(B) + In(@) + (@ — 1) In(|x]),
which is in LP([—1, 1]) for all p > 1 since In(|x]) is in L?([—1, 1]) for all p > 1. o

We need now to identify under which conditions hypothesis R3 is satisfied.

4.3 Large Noise Limit

By corollary 2.5.3 as the amplitude of the noise & grows, we have that f: converges to the
uniform density on [—1, 1].
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Fig.2 The graph of A(x)

Fixed B = 1 we define the following function, the large noise limit of the Lyapunov
exponent of Ty g:

! ,dm
Ae) :/ (7)== n@) +In(@) + 1 -«
-1

This is a decreasing function of «, for « > 2, moreover A(2) > 0 and the function A has a
zero @ contained in the interval [2.67834, 2.67835] 3. A plot of A is found in Fig. 2.

Corollary 4.3.1 For o > &, the map Ty | presents Noise Induced Order.

Proof By Corollary 4.2.4, hypothesis D1, D2, R1, R2, R4 are satisfied for 7 1. By Lemma
4.2.6 hypothesis D3 is satisfied. If « > & hypothesis R3 is also satisfied, and by Theorem
1.1.6 we have the thesis. O

4.4 Behavior as the Parameter 3 Varies

In this section we study the behavior of the Lyapunov exponent of 7, g in presence of noise,
when we fix « and vary B.

We extend the large noise amplitude limit function to allow also 8 to vary; by a simple
computation

1
Aa, B) == / 1 ln(|T02’ﬁ|)dm = In(2) + In(a@) + 1 — o + In(B).

Since B belongs to (0, 1], this is an increasing function of 8, so, if @« > &« and 8 < 1 we have
that the Lyapunov exponent for big noise sizes is negative.

Lemma4.4.1 Let Ty g be the map defined in Eq. (3). Then, for h > 0 we have that
|Ta.pn(x) — Top(x)| < 2h|x|* < 2h.

3 obtained with Julia ValidatedNumerics package.
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Proof We will prove the inequality on [0, 1], the conclusion follows by symmetry:
12(8 + h)x* —2Bx*| < 2h|x|*.

m}

Remark 4.4.2 1t is possible to compute an estimate also as « varies, proving the inequality
on [0, 1], the conclusion follows by symmetry:

1208 + h)x*T* —28x%| < [2(8 + h)x*T* — 28x% | 4 128x4TF — 28x%;
we focus now on

k
-1
(26 — 27| = k2px|* K

the inequality is written in this specific form

xl* —

klx|* = k|x|” In |x| + O (k?),

therefore, for small k£ we have that, for some constant C
N Ta+k, 40 — Taplloo < |1 + Clk],
since |x|* In(]x]) goes to O for x — 0 and has bounded derivative in [0, 1] for any o > 1.

Definition 4.4.3 Fix o > 2. In the following we will denote by L¢ g the annealed transfer
operator of T, g with noise amplitude &, P: g the associated annealed Perron—Frobenius
operator. If a unique stationary measure exists, we will denote it by 11¢ g and its density by

Te.p-
Corollary 4.4.4 Suppose there exist B, & such that Pt g contracts the space of average 0
function in L'; then there exists an € > 0 such that for all 0 < h < € the operator P: gin

contracts the space of average 0 functions in L'.

Proof This follows from Lemmas 2.7.13 and 4.4.1; if C, 6 are the contraction constants of
Pz g then

WPL ponleaollpirt < 1IPE gluolliaopt + 1P gy — PEgllpipn
C
< CO0" +3——hll|p:llBv.
1-6
If N is such that CON < 1 and A is small enough, this implies that

P g plupll i < 1.

[m}

Corollary 4.4.5 Suppose there exist B, & such that Pg g contracts the space of average 0
function in L' with constants C, 6; then if h is small enough
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C
I fe.prn — fepller < OhllogllBy T—
Proof From Corollary 4.4.4, we get that Pg g1 contracts the space of average 0 functions

in L', therefore there exists a unique stationary density for Ps, Bth-
Let N such that CON < 1/2, then

IA

1 fe.p+n — fe.pllir < NPEg(fe.pan — fepllnn +1(PE g — PL g i) fe pnllpn

A

1
< Sl feprn = fepller +11(Pg g = Pe gy fepnllin

as in the proof of Lemma 2.6.1, and therefore, since || f¢ g+nll;1 = 1 we have

C
[| fe.p4n — fe.pllpr < 6hllpellpy T3

Lemma4.4.6 Fix o > 2 and let

1
he(B) = / (T, 1) fe .

If Py, g, contracts the space of average 0 functions in L', then the function A&, 1s defined at
Bo and it is Holder continuous with respect to 8 at By.

Proof We observe now that, by Holder inequality

W fe.pn = fepller < (lfepen = fepllo) " Ul fepn — fepllo) ™1
and that
I fe.p+n — fe.pllLoe =< 6llpellBv
Since In |x| isin LP([—1, 1]) for p > 1, the result follows. m]

Remark 4.4.7 Under stronger hypothesis on the noise kernel it is possible to prove further
regularity results on

1

AE. o, ) = / (T, )b

where the function above is defined if there is a unique stationary measure for p¢ o, g for the
annealed transfer operator of Ty g, using the linear response theory for random dynamical
systems developed in [10, 12].

Corollary 4.4.8 Fixed o > & there exists an €(«) such that for all B € (1 — €(«), 1] the map
Ty, presents Noise Induced Order.

Proof Let 8 = 1. This is the full branch case, by the results in Sect. 4.2 we know that there

exists an interval [0, &) and C > 0,0 < 6 < 1 such that for all £ € [0, &), we have that
1P ]l < CO™.
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Therefore the stationary measure fi¢ 1 is unique for all £ € [0, &) and by Sect. 4.2 there
is a &1 such that for all £ € [0, &1] we have that

1
/ 1n(|T0L])d,ug,1 > 0.
-1

Let é = min(&p, &;); fix a & € [0, é ), and let €y such that for all # < ¢( the operator
Pg 1_j, contracts the space of average 0 functions in L'; this € exists by Corollary 4.4.4 and
depends on «. Then by Corollary 4.4.5, we have that for all & € [0, €p)

1 1
‘ / (T, ) fe.dm / 1n(|T;,1,h|>fg,lfhdm‘
-1 -1

=

1 1
/1n<|T;,1|>fg,1dm—/ ln(IT;,l_hI).fs,ldml
-1 -1

1 1
+‘ / (T, _pD) fe1dm — / 1n(|T;,1_h|>fg,1_hdm‘
-1 —1

C
< In(l — i) + 2h|| In(IT, 1, DI 13110zl By o

Therefore, for the £ fixed above there exists an €| < €, depending on «, such that for all
h €10,€)

1
/ ln(|TO;717h|)fg,1,hdm > 0.
-1

Recall now that the big noise amplitude limit of the Lyapunov exponent for T, 1—j is
given by

1
. d
/ 1 ln(|Ta’17h|)7m = 1n(2) + In(@) + 1 —a + In(1 — h);

therefore, if @ > @, there exists an €, (depending on «) such that for all # € [0, €5) the big
noise amplitude limit is negative.

Let e = min(eq, €;) then, forall B € (1 —e, 1] the Lyapunov exponent at noise amplitude
& is positive and the big noise amplitude limit is negative, therefore, we have Noise Induced
Order. O
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